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SINGULAR VALUES INEQUALITIES FOR MATRIX MEANS
MOHAMMED SABABHEH, SHIGERU FURUICHI, SHIVA SHEYBANI AND HAMID REZA MORADI
Abstract. In this article, we show multiple inequalities for the singular values of the difference
of matrix means. The obtained results refine and complement some well established results in
the literature. Although we target singular values inequalities, we will show several matrix
means inequalities, as well.
1. Introduction
Let M+n denote the cone of positive n× n complex matrices. That is, A ∈ M+n if and only
if 〈Ax, x〉 > 0 for all non zero vectors x ∈ Cn.
Inequalities governing positive matrices have been in the center of numerous researchers’ at-
tention. Among the most well studied inequalities for positive matrices are those inequalities
controlling matrix means.
Recall that when A,B ∈M+n , the weighted arithmetic, geometric and harmonic means of A,B
are defined respectively by
A∇vB = (1− v)A+ vB,A♯vB = A 12
(
A−
1
2BA−
1
2
)v
A
1
2 , A!vB = ((1− v)A−1 + vB−1)−1,
for 0 ≤ v ≤ 1.When v = 1
2
, we use the notations∇, ♯ and ! instead of∇ 1
2
, ♯ 1
2
and ! 1
2
, respectively.
The notion of matrix means is too wide, but those three means happen to appear most
frequently. It is well known that when A,B ∈M+n , one has the basic inequality
(1.1) A!vB ≤ A♯vB ≤ A∇vB, 0 ≤ v ≤ 1.
Also, it is well known that when A,B ∈M+n are such that A ≤ B then
(1.2) A ≤ A!vB,A♯vB,A∇vB ≤ B.
Although (1.1) presents some relations among those means, it is of great interest to find better
and sharper bounds. Further, computations of A♯vB is not as easy as A∇vB or A!vB. This
urges the search for some relations that could be easier than just stating (1.1). We refer the
reader to [1, 2, 4] for further investigation of (1.1).
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In [3, 5], some singular values inequalities were given to describe the difference between such
means. For example, it was shown in [3] that if A,B ∈M+n are such that B ≤ A, then
(1.3) sj (A∇B − A♯B) ≤ 1
8
sj
(
B−
1
2 (A− B)2B− 12
)
, j = 1, 2, · · · , n,
and
(1.4) sj (A∇B − A♯B) ≥ 1
8
sj
(
A−
1
2 (A− B)2A− 12
)
, j = 1, 2, · · · , n,
where sj(X) represents the j
th singular value of the matrix X , when all singular values of X
are arranged in a decreasing order, counting multiplicities.
These inequalities simulate the scalar inequalities
(1.5)
1
8
(a− b)2
a
≤ a + b
2
−
√
ab ≤ 1
8
(a− b)2
b
,
valid for the positive numbers a ≥ b, [6].
Following the same theme, it has been shown in [5, Corollary 1] that if A,B ∈M+n are such
that B ≤ A, then
(1.6)
v (1− v)
2
sj
(
A−
1
2 (A− B)2A− 12
)
≤ sj (A∇vB − A♯vB) ≤ v (1− v)
2
sj
(
B−
1
2 (A−B)2B− 12
)
for any 0 ≤ v ≤ 1. Notice that substituting v = 1
2
in (1.6) implies (1.3) and (1.4).
The main goal in this article is to present sharper and related inequalities for the singular
values of the difference A∇vB − A♯vB. Adding to this, we present singular values inequalities
for the differences A♯vB−A!vB and A∇B−A!B. We will notice how these different differences
have similar bounds.
2. Main Results
In this section, we present our results, in different sections based on the means we are dealing
with.
2.1. Arithmetic-Geometric mean inequalities. We begin with the following matrix version
of (1.5), without imposing any conditions on the order between A and B.
Theorem 2.1. Let A,B ∈M+n . Then
(2.1)
1
8
(A−B) (A∇B)−1 (A− B) ≤ A∇B − A♯B ≤ 1
8
(A− B) (A♯B)−1 (A− B) .
Proof. For any x ≥ 0, it can be easily seen that
1 + x
2
−√x = 1
8
(1− x)2
( 1+x
2
+
√
x
2
)−1
.
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By applying functional calculus for the operator A−
1
2BA−
1
2 , we infer that
I + A−
1
2BA−
1
2
2
−
(
A−
1
2BA−
1
2
) 1
2
=
1
8
(
I −A− 12BA− 12
)
I+A−
1
2 BA−
1
2
2
+
(
A−
1
2BA−
1
2
) 1
2
2


−1 (
I − A− 12BA− 12
)
.
Thus,
I + A−
1
2BA−
1
2
2
−
(
A−
1
2BA−
1
2
) 1
2
=
1
8
(
I −A− 12BA− 12
)
A
1
2A−1A
1
2


I+A−
1
2 BA−
1
2
2
+
(
A−
1
2BA−
1
2
) 1
2
2


−1
A
1
2A−1A
1
2
(
I −A− 12BA− 12
)
.
Multiplying both sides by A
1
2 implies,
(2.2) A∇B − A♯B = 1
8
(A− B)
(
A∇B + A♯B
2
)
−1
(A− B) .
It follows from the matrix arithmetic–geometric mean inequality (1.1) that
(2.3)
A∇B − A♯B = 1
8
(A−B)
(
A∇B + A♯B
2
)
−1
(A− B)
≤ 1
8
(A− B) (A♯B)−1 (A−B) .
This proves the second inequality in (2.1). To prove the first inequality in (2.1), (2.2) and (1.1)
imply
A∇B − A♯B = 1
8
(A−B)
(
A∇B + A♯B
2
)
−1
(A− B)
≥ 1
8
(A− B) (A∇B)−1 (A−B) .
This completes the proof. 
We emphasize the identity
(2.4) A∇B − A♯B = 1
8
(A− B)
(
A∇B + A♯B
2
)
−1
(A− B) ,
which we have just obtained in the proof of Theorem 2.1.
Remark 2.1. Although Theorem 2.1 is stated for positive matrices of order n × n, it is still
valid for positive operators A,B on an infinite dimensional separable Hilbert space.
As a consequence of Theorem 2.1, we have the following singular value inequality.
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Corollary 2.1. Let A,B ∈M+n . Then
(2.5) sj (A∇B − A♯B) ≤ 1
8
sj
(
(A♯B)−
1
2 (A− B)2(A♯B)− 12
)
and
(2.6) sj (A∇B − A♯B) ≥ 1
8
sj
(
(A∇B)− 12 (A− B)2(A∇B)− 12
)
,
for j = 1, 2, · · · , n.
Proof. From the second inequality in (2.1) and Weyl’s monotonicity principle, we infer that
(2.7) sj (A∇B −A♯B) ≤ 1
8
sj
(
(A− B) (A♯B)−1 (A− B))
for j = 1, 2, · · · .
Since sj (X
∗X) = sj (XX
∗) for j = 1, 2, · · · , it can be seen that
sj
(
(A− B) (A♯B)−1 (A− B)) = sj
(
(A♯B)−
1
2 (A−B)2(A♯B)− 12
)
.
This together with (2.7) imply the first desired inequality.
To prove the second inequality, we proceed similarly noting the first inequality in (2.1) and
the fact that
sj
(
(A−B) (A∇B)−1 (A− B)) = sj
(
(A∇B)− 12 (A− B)2(A∇B)− 12
)
for j = 1, 2, · · · . 
Now we have the following refinements of (1.3) and (1.4).
Corollary 2.2. Let A,B ∈M+n be such that B ≤ A. Then
(2.8)
sj (A∇B −A♯B) ≤ 1
8
sj
(
(A♯B)−
1
2 (A− B)2(A♯B)− 12
)
≤ 1
8
sj
(
B−
1
2 (A− B)2B− 12
)
and
(2.9)
sj (A∇B −A♯B) ≥ 1
8
sj
(
(A∇B)− 12 (A− B)2(A∇B)− 12
)
≥ 1
8
sj
(
A−
1
2 (A− B)2A− 12
)
for j = 1, 2, · · · , n.
Proof. Since B ≤ A, we have B ≤ A♯B ≤ A. So, A−1 ≤ (A♯B)−1 ≤ B−1. Now, from the
inequality (2.3), we get
(2.10)
A∇B − A♯B ≤ 1
8
(A−B) (A♯B)−1 (A− B)
≤ 1
8
(A−B)B−1 (A− B) .
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From the inequality (2.10) and Weyl’s monotonicity principle we have
sj (A∇B − A♯B) ≤ 1
8
sj
(
(A− B) (A♯B)−1 (A−B))
≤ 1
8
sj
(
(A− B)B−1 (A−B))
Since sj (X
∗X) = sj (XX
∗) for j = 1, 2, . . ., it can be seen that
sj
(
(A−B)B−1 (A− B)) = sj
(
B−
1
2 (A− B)2B− 12
)
.
Therefore,
sj (A∇B −A♯B) ≤ 1
8
sj
(
(A♯B)−
1
2 (A− B)2(A♯B)− 12
)
≤ 1
8
sj
(
B−
1
2 (A− B)2B− 12
)
,
and this proves (2.8). To prove (2.9), (1.1) implies
A∇B −A♯B ≥ 1
8
(A− B) (A∇B)−1 (A−B)
≥ 1
8
(A− B)A−1 (A−B) ,
as required. 
As a byproduct of Theorem 2.1, we have the following improvement of the second inequality
in (1.1).
Corollary 2.3. Let A,B ∈M+n be such that A−B is invertible. Then
A♯B ≤ 1
8
(A−B)(A∇B − A♯B)−1(A− B) ≤ A∇B.
In particular, if A− B is invertible, then so is A∇B −A♯B.
Proof. Direct manipulations of (2.1) imply the desired result. 
Now we move to the study of the difference A∇vB − A♯vB, rather than A∇B − A♯B. The
obtained results complement those in [5]. First a lemma.
Lemma 2.1. Let x ≥ 1 and 0 ≤ v ≤ 1. Then
v(1− v)
2x
(x− 1)2 ≤ (1− v) + vx− xv ≤ v (1− v)
2
(x− 1)2
(
2x
x+ 1
)
.
Proof. We prove the first inequality. We define
g(x) := 2xv+1 + v(1− v)(x− 1)2 − 2(1− v)x− 2vx2, x ≥ 1.
Simple calculations imply g′(x) = 2(v+1)xv−2vx−2v2x+2v2−2, g′′(x) = 2v(v+1) (xv−1 − 1) ≤
0. Thus we have g′(x) ≤ g′(1) = 0 which implies g(x) ≤ g(1) = 0.
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To prove the second inequality, we set
f(x) := (1− v)
(
1 +
1
x
)
+ v(x+ 1)− xv−1(x+ 1)− v(1− v)(x− 1)2, x ≥ 1.
By simple calculations, we have f ′(x) = x−2 {xv + 2v2(x− 1)x2 − 1− v (xv+1 + xv + 2x3 − 3x2 − 1)}
and f ′′(x) = (1 − v) {2x−3(1− xv) + v (xv−2 + xv−3 − 2)} ≤ 0 since we have xv−2 ≤ 1 and
xv−3 ≤ 1 for x ≥ 1 and 0 ≤ v ≤ 1. Thus we have f ′(x) ≤ f ′(1) = 0 which implies
f(x) ≤ f(1) = 0. 
Manipulating Lemma 2.1 implies the following bounds for the difference A∇vB − A♯vB.
Theorem 2.2. Let A,B ∈M+n with A ≤ B and let 0 ≤ v ≤ 1. Then
(2.11)
v(1− v)
2
(B − A)B−1(B −A) ≤ A∇vB − A♯vB ≤ v (1− v)
2
(B − A)A−1(A!B)A−1 (B − A) .
Proof. In Lemma 2.1, let x = A−
1
2BA−
1
2 ≥ I. Then
v(1− v)
2
(
A−
1
2BA−
1
2 − I
)
A
1
2B−1A
1
2
(
A−
1
2BA−
1
2 − I
)
≤ (1− v) I + vA− 12BA− 12 −
(
A−
1
2BA−
1
2
)v
≤ v (1− v)
2
(
I − A− 12BA− 12
)
A
1
2A−1A
1
2

I +
(
A−
1
2BA−
1
2
)
−1
2


−1
A
1
2A−1A
1
2
(
I −A− 12BA− 12
)
.
Multiply both sides by A
1
2 implies the desired result. 
In the following Lemma, we present the complement of Lemma 2.1, so that we can show a
complement of Theorem 2.2.
Lemma 2.2. Let 0 < x ≤ 1 and 0 ≤ v ≤ 1. Then
v (1− v)
2
(x− 1)2
(
2x
x+ 1
)
≤ (1− v) + vx− xv ≤ v(1− v)
2x
(x− 1)2.
Proof. To prove the first inequality, we set the function on 0 < x ≤ 1,
f(x) := (1− v)
(
1 +
1
x
)
+ v(x+ 1)− xv−1(x+ 1)− v(1− v)(x− 1)2.
By simple calculations, we have f ′(x) = x−2 {xv + 2v2(x− 1)x2 − 1− v (xv+1 + xv + 2x3 − 3x2 − 1)}
and f ′′(x) = (1 − v) {2x−3(1− xv) + v (xv−2 + xv−3 − 2)} ≥ 0 since we have xv−2 ≥ 1 and
xv−3 ≥ 1 for 0 < x ≤ 1 and 0 ≤ v ≤ 1. Thus we have f ′(x) ≤ f ′(1) = 0 which implies
f(x) ≥ f(1) = 0.
To prove the second inequality, we set the function on 0 < x ≤ 1,
g(x) := 2xv+1 + v(1− v)(x− 1)2 − 2(1− v)x− 2vx2.
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By simple calculations, we have g′(x) = 2(v + 1)xv + 2v(1 − v)(x − 1) − 2(1 − v) − 4vx and
g′′(x) = 2v(v + 1)(xv−1 − 1) ≥ 0 for 0 < x ≤ 1 and 0 ≤ v ≤ 1. Thus we have g′(x) ≤ g′(1) = 0
which implies g(x) ≥ g(1) = 0. 
Similar to the proof of Theorem 2.2, we have the following.
Theorem 2.3. Let A,B ∈M+n with B ≤ A and let 0 ≤ v ≤ 1. Then
(2.12)
v (1− v)
2
(A−B)A−1(A!B)A−1 (A− B) ≤ A∇vB −A♯vB ≤ v(1− v)
2
(A− B)B−1(A−B).
Combining Theorems 2.2 and 2.3 and noting symmetry of v(1− v) about v = 1
2
, we obtain
(1.6) as a corollary.
Corollary 2.4. Let A,B ∈M+n be such that B ≤ A. Then
(2.13)
v (1− v)
2
sj
(
A−
1
2 (A− B)2A− 12
)
≤ sj (A∇vB − A♯vB) ≤ v (1− v)
2
sj
(
B−
1
2 (A−B)2B− 12
)
On the other hand, when 1
2
≤ v ≤ 1, we have the following estimates. It should be remarked
that the next estimates are better than thoes given in Lemma 2.1. These will help better see
how [5, Corollary 1] is refined when 1
2
≤ v ≤ 1.
Lemma 2.3. If (i) x ≥ 1 and 1/2 ≤ v ≤ 1 or (ii) 0 < x ≤ 1 and 0 ≤ v ≤ 1/2, then
(1− v) + vx− xv ≥ v (1− v)
2
(1− x)2
(
1 + x
2
)
−1
.
Proof. We firstly consider the case (i). For the given parameters, define
f(x) = (1− v) + vx− xv − v (1− v)
2
(1− x)2
(
1 + x
2
)
−1
.
Direct calculus computations imply
f ′′(x) = v(1− v)g(v), where g(v) =
(
xv−2 − 8
(1 + x)3
)
.
Since
g′(v) = xv−2 log x,
it follows that g is an increasing function of v when x ≥ 1. When v ≥ 1
2
, x ≥ 1, we have
g(v) ≥ g (1
2
)
= x−3/2 − 8
(1+x)3
≥ 0. Since g(v) ≥ 0, it follows that f ′′(x) ≥ 0, when x ≥ 1 and
0 ≤ v ≤ 1
2
. Consequently, f ′(x) ≥ f ′(1) = 0 and hence, f(x) ≥ f(1) = 0. This shows that
f(x) ≥ 0 for all x ≥ 1, which completes the proof of the first inequality.
Next, we consider the case (ii). For this case, we have f ′′(x) ≥ 0 since g′(v) ≤ 0 for 0 < x ≤ 1
so that g(v) ≥ g(1/2) = x−3/2− 8
(x+ 1)3
≥ 0. Thus we have f ′(x) > f ′(0) = v(1+3(1−v)) ≥ 0
which implies f(x) > f(0) = (1− v)2 ≥ 0. 
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We remark that the following inequality does not hold in general.
(1− v) + vx− xv ≤ v(1− v)
2
(x− 1)2√
x
for neither (i) x ≥ 1 and 1/2 ≤ v ≤ 1 nor (ii) 0 < x ≤ 1 and 0 ≤ v ≤ 1/2. Now proceeding
with functional calculus argument as before implies the following matrix inequality, which we
use next to obtain a refinement of [5, Corollary 1].
Corollary 2.5. Let A,B ∈M+n . If (i) A ≤ B and 12 ≤ v ≤ 1 or (ii) A ≥ B and 0 ≤ v ≤ 1/2,
then
A∇vB −A♯vB ≥ v(1− v)
2
(B − A) (A∇B)−1 (B −A).
When v = 1/2 in Corollary 2.5, we recover Theorem 2.1 under the condition A ≤ B. Conse-
quently, we obtain the following refinement of [5, Corollary 1], for 1
2
≤ v ≤ 1.
Corollary 2.6. Let A,B ∈ M+n be such that (i) A ≤ B and 12 ≤ v ≤ 1 or (ii) A ≥ B and
0 ≤ v ≤ 1/2. Then, for j = 1, 2, · · · , n,
sj (A∇vB −A♯vB) ≥ v(1− v)
2
sj
(
(A−B) (A∇B)−1 (A− B))
≥ v(1− v)
2
sj
(
A−
1
2 (A− B)2A− 12
)
.
2.2. Geometric-Harmonic mean inequalities.
Lemma 2.4. Let x > 0. Then
√
x−
(
1 + 1
x
2
)−1
≤ (1− x)
2
8
√
x
.
Proof. Let
f(x) =
√
x−
(
1 + 1
x
2
)−1
− (1− x)
2
8
√
x
.
Direct computations imply
f ′′(x) =
1
32
(
128
(1 + x)3
− (3 + x)(1 + 3x)
x5/2
)
.
Further computations yield
((3 + x)(1 + 3x)(1 + x)3)2 − (128)2x5
= (−1 + x)2(9 + 132x+ 868x2 + 3452x3 + 9510x4 + 3452x5 + 868x6 + 132x7 + 9x8)
≥ 0, x > 0.
Rearranging this last inequality implies
((3 + x)(1 + 3x)(1 + x)3)2 − (128)2x5 ≤ 0⇔ 128
(1 + x)3
− (3 + x)(1 + 3x)
x5/2
≤ 0.
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This implies that f ′′(x) ≤ 0 for all x > 0. Consequently, f ′ is decreasing on (0,∞). So, if
0 < x ≤ 1 then f ′(x) ≥ f ′(1) = 0 and f ′(x) ≤ f ′(1) = 0 when x ≥ 1. This means that f has
a global maximum at x = 1. That is, for all x > 0, we must have f(x) ≤ f(1) = 0, which
completes the proof. 
Applying a functional calculus argument with x = A−
1
2BA−
1
2 in Lemma 2.4 implies the
following bound for the difference between the geometric and harmonic matrix means.
Theorem 2.4. Let A,B ∈M+n . Then
A♯B − A!B ≤ 1
8
(A− B)(A♯B)−1(A− B).
Arguing as in the previous section, we reach the following singular values inequality for the
difference A♯B −A!B.
Corollary 2.7. Let A,B ∈M+n be such that B ≤ A. Then
sj (A♯B − A!B) ≤ 1
8
sj
(
(A−B)(A♯B)−1(A−B))
≤ 1
8
sj
(
B−
1
2 (A− B)2B− 12
)
,
for j = 1, 2, · · · , n.
It is interesting that we have the same upper bound in Corollaries 2.2 and 2.7.
Following the same theme of the previous section and Lemma 2.4, we have the following
generalization of Lemma 2.4.
Lemma 2.5. Let x ≥ 1. Then
xv − (1− v + vx−1)−1 ≤ v(1− v)
2
(1− x)2x−v,
for 0 ≤ v ≤ 1.
This implies the matrix version:
Theorem 2.5. Let A,B ∈M+n be such that A ≤ B. Then
A♯vB − A!vB ≤ v(1− v)
2
(A− B)(A♯vB)−1(A− B),
for 0 ≤ v ≤ 1.
This implies the following singular values inequality.
Corollary 2.8. Let A,B ∈M+n be such that A ≤ B. Then, for j = 1, 2, · · · , n,
sj (A♯vB − A!vB) ≤ v(1− v)
2
sj
(
(A−B)(A♯vB)−1(A−B)
)
≤ v(1− v)
2
sj
(
A−
1
2 (A− B)2A− 12
)
.
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2.3. Arithmetic-Harmonic mean inequalities. We conclude this article by stating related
results for the arithmetic-harmonic mean inequalities. The proofs are very similar to the above
results, we we omit them.
Noting the identity
1 + x
2
−
(
1 + x−1
2
)
−1
=
(1− x)2
4
(
1 + x
2
)
−1
, x > 0,
we obtain the following matrix versions.
Theorem 2.6. Let A,B ∈M+n . Then
A∇B − A!B = 1
4
(A− B)(A∇B)−1(A−B).
In particular, if A ≤ B, then
1
4
(A− B)B−1(A−B) ≤ A∇B −A!B ≤ 1
4
(A− B)A−1(A−B).
Consequently, for j = 1, 2, · · · , n, the following holds
1
4
sj
(
B−
1
2 (A− B)2B− 12
)
≤ sj (A∇B − A!B) ≤ 1
4
sj
(
A−
1
2 (A−B)2A− 12
)
,
when A,B ∈M+n are such that A ≤ B.
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